Abstract. We show that the zip stratification given by an arbitraryĜ-zip over a scheme is pure. We deduce purity of the level-m-stratification for truncated BarsottiTate groups and purity of the Ekedahl-Oort stratification for special fibers of good models of Shimura varieties of Hodge type. We also show that all Ekedahl-Oort strata are quasi-affine schemes and generalize several properties of the Bruhat stratification from the PEL case to the case of Shimura varieties of Hodge type.
Introduction
Let us call a subscheme Z of a scheme X pure if the inclusion Z ֒→ X is an affine morphism. If X is locally noetherian, this implies that every irreducible component of Z \ Z has codimenson 1 in Z.
Such notions of purity results play an important role in Algebraic Arithmetic Geometry. Examples are the purity of the (complement of the) branch locus for quasi-finite normal schemes over regular schemes or the purity of Newton strata proved by de Jong and Oort ([dJOo] ) and Vasiu ([Va2] ).
LetĜ be a linear algebraic group over a finite field F q and assume that its identity component is reductive. In [PWZ2] the notion of aĜ-zip over a scheme S was defined and for each suchĜ-zip I the associated zip stratification was introduced. Details are recalled in the beginning of Section 3. This stratification is a decomposition of S into locally closed subschemes S [ŵ] . We refer to [PWZ2] , [MW] , [Lie] , and to [Wd1] for examples howĜ-zips arise. The first main result is the following theorem (Theorem 3.2). Theorem 1. The subschemes S [ŵ] of S are pure.
We prove the theorem by showing a purity result for the classifying stack ofĜ-zips, in fact even more general for orbitally finite algebraic zip data (in the sense of [PWZ1] ), see Theorem 2.2.
We derive several applications from Theorem 1: Let X m be a truncated BarsottiTate group of level m (1 ≤ m ≤ ∞) over a scheme S of characteristic p > 0 in [NVW] there is defined a level m stratification of S. For m = 1 this is a variant of a (special case of a) zip stratification and Theorem 1 can be used to show that all these strata are pure for m = 1. We deduce the main result of [NVW] (Theorem 3.5) but with a much shorter proof and without any restrictions on the characteristic. Theorem 2. All level-m-strata of S associated to X m are pure in S.
A further very interesting case of a zip stratification is the Ekedahl-Oort stratification of the special fiber S of the canonical model of a Shimura variety of Hodge type at a place of good reduction defined by Zhang [Zh] . Hence we obtain as a direct application (Theorem 4.1):
Theorem 3. Each Ekedahl-Oort stratum of S is pure in S.
Moreover we prove the following absolute result about Ekdedahl-Oort strata (Theorem 4.2).
Theorem 4. Each Ekedahl-Oort stratum of S is a quasi-affine scheme.
This generalizes analogue results for moduli spaces of abelian varieties by Oort ([Oo1] ) and for Shimura varieties of PEL-Type by Viehmann and first author ( [ViWd] ). Finally, we show some general facts about the Bruhat stratification (introduced in [Wd2] ) for the special fiber S of a Shimura variety of Hodge type (Theorem 4.3). This generalizes the main result of [Wd3] where the case of Shimura varieties of PEL type has been considered (with a more complicated proof).
Notation
If X is a scheme over some ring A and A → B a homomorphism of rings, then X B denotes the base change X ⊗ A B. If q is a prime power, the base change of objects via the absolute q-Frobenius is denoted by ( ) (q) .
By a linear algebraic group over a field k we mean a smooth affine group scheme over k. IfĜ is a not necessarily connected linear algebraic group, we denote by G its identity component and by π 0 (G) :=Ĝ/G the finiteétale group scheme of connected components; similarly for other letters of the alphabet and for homomorphisms of linear algebraic groups. We call a homomorphism of connected linear algebraic groups ϕ : G → H an isogeny, if ϕ is surjective and has finite kernel. For a connected linear algebraic group P we denote by R u P its unipotent radical (if it exists over k).
Preliminaries

A version of the Lang-Steinberg theorem
Consider the following situation. Let k be a field, let G be a group scheme over k, and let F : G → G be an endomorphism of k-group schemes. Then G acts on itself by F -conjugation, i.e. by g · h := ghF (g) −1 . Recall the following theorem due to R. Steinberg. Theorem 1.1. Assume that G is connected and of finite type over k and assume that F is an isogeny (i.e., F is surjective and hence has finite kernel). Then the following assertions are equivalent. (i) The action of G on itself by F -conjugation is transitive.
(ii) The action of G on itself by F -conjugation has finitely many orbits. (iii) The subgroup scheme G F := { g ∈ G ; F (g) = g } of G is a finite k-scheme. (iv) For every field extension K of k and for all x 0 ∈ G(K) the generalized Lang morphism
is a finite morphism.
Proof. Passing to sufficiently big algebraically closed extension of k we may assume that k is algebraically closed and that k = K in (iii). Passing to the underlying reduced group scheme, we may assume that G is smooth over k. Then the result is due to Steinberg ([St] 
Affineness criteria
Let k be a field, letĜ be an affine group scheme of finite type over k. We start with an easy lemma. Lemma 1.3. LetX be a scheme of finite type over k and letĜ be a linear algebraic group acting onX. LetẐ ⊆X be aĜ-orbit. Then the following assertions are equivalent. (i)Ẑ is affine.
(ii) There exists a an affine G-orbit contained inẐ. (iii) All G-orbits contained inẐ are affine.
Proof. This follows from the easy fact that the G-orbits inẐ are the connected components ofẐ and that all these connected components are isomorphic to each other becauseĜ acts transitively on them.
We denote byĜ red the underlying reduced subgroup scheme -if this exists (which is automatically the case if k is perfect). We recall the following results on affine quotients ofĜ from [CPS] . Proposition 1.4. LetĴ ⊆Ĥ be k-subgroup schemes ofĜ and let K be an algebraically closed extension of k.
(1)Ĝ/Ĥ is affine if and only ifĜ K /Ĥ K is affine. Proof. As the formation of quotients commutes with base change and as the property "affine" is stable under fpqc descent, we may assume thet k = K is algebraically closed. Then (1) is trivial and (2) is implied by Chevalley's theorem that for a finite surjective morphism f : X → Y of noetherian schemes the scheme X is affine if and only if Y is affine. Assertion (3) follows from Lemma 1.3.
Using (2) and (3) we may assume in the proof of (4) - (7) that all groups are connected and smooth over k. Then using [CPS] (6) follows from loc. cit. Corollary 4.5. Finally, (7) follows from (5) and (4).
We further collect some further results on affine morphisms which are well known but for which we do not know of a good reference.
Lemma 1.5. Let f : X → Y be a morphism on schemes. Let X red be the nderlying reduced scheme of X. Then f is affine if and only if the composition g :
Proof. The condition is clearly necesary. Assume that g is affine. To show that f is affine, we may assume that Y is affine. Then X red is affine and hence X is affine by the general version of Chevalleys theorem in the appendix of [Co] . Proposition 1.6. Let X be a locally noetherian scheme and let i : Z ֒→ X be an affine immersion. Then the schematic closureZ of Z in X exists and for every irreducible component T ofZ \ Z one has codim(T,Z) = 1.
Proof. The schematic closureZ exists because i is quasi-compact ( [GW] Remark 10.31). We may assume X =Z. Clearly one has codim(T, X) ≥ 1.
Assume that codim(T, X) ≥ 2. Replacing X by Spec(O X,T ) we may assume that X = Spec A for a locally noetherian ring A and that Z is the complement of the closed point x of Spec A. Passing to the completion we even may assume that A is complete and in particular excellent. Replacing A by A/p, where p is a minimal prime ideal we may assume that A is an excellent integral domain. As A is excellent, its normalization is finite and we may assume in addition that A is normal.
Eventually we obtain an affine immersion Z = Spec A \ {x} ֒→ Spec A of normal noetherian schemes. As dim A ≥ 2 the algebraic analogue of Hartogs' theorem ([GW] Theorem 6.45) implies A = Γ(Z, O Z ). This is a contradiction because Z is affine.
2 Purity for algebraic zip data
Algebraic zip data
We recall the general definition of an algebraic zip datum from [PWZ1] . Let k be a field.
Definition 2.1. An algebraic zip datum over k is a tupleẐ = (Ĝ,P ,Q,φ), wherê G is a linear algebraic group over k such that G is reductive, whereP andQ are linear subgroups ofĜ such that P and Q are parabolic subgroups of G, and wherê ϕ :P /R u P →Q/R u Q is a homomorphism such that ϕ : P/R u P → Q/R u Q is an isogeny.
The zip group attached toẐ is the linear algebraic group
wherep (resp.q) denotes the image of p inP /R u P (resp. of q inQ/R u Q). It acts on G by restriction of the left action
is an algebraic zip datum, then Z := (G, P, Q, ϕ) is again an algebraic zip datum, called the connected algebraic zip datum attached toẐ.
There is the obvious notion of a base changeẐ K to a field extension K of k. An algebraic zip datumẐ is called orbitally finite if EẐ K acts with finitely many orbits on G K for some (equivalently, for all) algebraically closed extension K of k.
Description of the orbits
Assume that k is algebraically closed. In this case we will confuse reduced schemes of finite type over k and their k-valued points. For an orbitally finite connected algebraic zip datum Z = (G, P, Q, ϕ) we have the following description of the E-orbits in G (by [PWZ1] Theorem 5.14 and Prop. 7.1). We first choose a frame (B, T, g) of Z in the sense of [PWZ1] Definition 3.6. It determines Levi subgroups g T ⊆ L ⊆ P and
Let (W, I) be the Weyl group of G with its set of simple reflections attached to (T, B). For w ∈ W we denote by ℓ(w) its length. For each w ∈ W we choose a representativė w ∈ N G (T ) such that (w 1 w 2 ) · =ẇ 1ẇ2 for alle w 1 , w 2 ∈ W with ℓ(w 1 w 2 ) = ℓ(w 1 ) + ℓ(w 2 ).
Let J ⊆ I be the type of P and let K ⊆ I be the type of Q. Then
yields a parametrization of the E-orbits in G independent of the choice ofẇ and of the frame ([PWZ1] Prop. 5.8).
Affineness of orbits for zip data
LetẐ = (Ĝ,P ,Q,φ) be an algebraic zip datum over a field k. The following is the main technical result.
Theorem 2.2. Assume that the algebraic zip datumẐ is orbitally finite. Then the EẐ -orbits onĜ are affine.
We prove this theorem in several steps.
Reduction to an algebraically closed base field and to the connected case
Clearly, we may assume that k is algebraically closed. As the identity component of EẐ is E Z , we may assume thatẐ = Z = (G, P, Q, ϕ) is a connected algebraic zip datum because of Lemma 1.3.
Passing to smaller zip data
For the proof we will use the following procedure of passing to zip data of smaller dimension introduced in [PWZ1] Section 4. We choose a frame (T, B, g) and use the notation established in Subsection 2.1. The Bruhat decomposition yields a disjoint decomposition into locally closed subvarieties
For x ∈ J W K we set
is a connected algebraic zip datum. We obtain a bijection
Lemma 4.5 and its proof shows that there is a well defined homomorphism
Passing to G/V
Consider the quasi-projective quotient G/V with the action of P on it given by
where p = uℓ for u ∈ U , ℓ ∈ L. Restricting the projection P × Q → P to E yields a surjective homomorphism E → P . Via this homomorphism we obtain an action of E on G/V making the quotient morphism π : G → G/V equivariant with respect to the E-action.
Lemma 2.3. The maps X → π(X) and Y → π −1 (Y ) yield mutually inverse bijections between the set of E-orbits X in G and the set of P -orbits Y in G/V . If Y is affine, then π −1 (Y ) is affine.
Proof. As π and E → P are surjective, π(X) is a P -orbit in G/V for every E-orbit in
is an E-orbit by the definition of E and its action on G. Finally, as G is affine and G/V is separated, π is affine. This shows the last assertion.
Lemma 2.4. Let t ∈ M . The homorphism eẋ (2.3.3) restricts to a surjective homomorphismēẋ
and the section fẋ (2.3.4) restricts to a sectionfẋ ofēẋ. Moreover Ker(ēẋ) red = U ∩ gẋ V .
Proof. Write p = uℓ,ẋ
It remains to show the last assertion. The definition of eẋ and (*) show that
As ϕ : L → M is an isogeny between connected algebraic groups, Ker(ϕ) red lies in the center of L and hence is of multiplicative type. In particular Ker(ϕ) red ∩ gẋ V = 1. As U ∩ gẋ V is smooth, this shows the last assertion.
Proof of Theorem 2.2
Looking at dimensions one sees that P = G if and only if Q = G. In this case E acts transitively on G by the Lang-Steinberg Theorem 1.1 and the affineness of the single orbit is clear. Hence we can assume that P and Q are proper parabolic subgroups of G. Let w ∈ J W and let x ∈ J W K the unique element of minimal length in W J wW K . Thenẇ =ẋv for somev ∈ M representing an element v ∈ W K . Let X := E · gẇ ⊆ P gẋQ be the corresponding E-orbit. By Lemma 2.3 it suffices to show that the image of X in G/V is affine. As this is a P -orbit it suffices to show that the quotient P/ Stab P (gẇV ) is affine. Hence we are done by Proposition 1.4 if we have shown the following inclusion (2.3.5)
Sẇ := Stab P (gẇV )
Proceeding by induction on dim G we may assume that (2.3.5) holds for the connected algebraic zip datum Zẋ. In particular we have
Hence we have fẋ(R u P x ) ⊆ U and Sẇ is the product of two closed subgroups of U by Lemma 2.4 which proves (2.3.5).
Applications
In this section we fix a finite field F q with q elements and a finite extension k of F q . We recall the definition ofĜ-zips from [PWZ2] Subsection 3.2. HereĜ is a linear algebraic group over F q such that G is reductive. Let χ : G m,k → G k be a cocharacter and let P ± = U ± ⋉ L be the attached pair of opposite parabolic subgroups of G k with common Levi subgroup L = Cent G k (χ). Fix a subgroup scheme Θ of the finiteétale scheme π 0 (CentĜ k (χ)) and letL be the inverse image of Θ in CentĜ
is an algebraic subgroup ofĜ k with identity component P ± .
The algebraic zip datum associated toĜ and (χ, Θ) isẐ := (Ĝ k ,P + ,P
− . This algebraic zip datum is orbitally finite by [PWZ1] Proposition 7.3.
Definition 3.1. Let S be a scheme over k. AĜ-zip of type (χ, Θ) is a tuple (I, I + , I − , ι) consisting of aĜ k -torsor I over S, aP + -toros I + ⊆ I, aP
− -torsor I − ⊆ I and an isomorphism ofL (q) -torsors ι :
We fix aĜ-zip I of type (χ, Θ) over a k-scheme S. As explained in [PWZ2] Section 3 the moduli stack ofĜ-zips of type (χ, Θ) is an algebraic stack isomorphic to the quotient stack [EẐ \Ĝ k ] over k. Hence I corresponds to a morphism ζ : S −→ [EẐ \Ĝ k ] and the description of the underlying topological space of [EẐ \Ĝ k ] yields a decomposition of S into locally closed subschemes
called the zip stratification of S corresponding to theĜ-zip I. Here Ξ χ,Θ is defined in [PWZ2] (3.19) and Γ is the absolute Galois group of k. IfĜ = G is connected, then Ξ χ,Θ = J W with the notation introduced in Subsection 2.2. In particular we obtain for any algebraically closed extension K of k a bijection 
with equality if ζ is generizing (e.g., if ζ is open, or flat, or formally smooth).
As an application of Theorem 2.2 we obtain the following result. Using Proposition 1.6, we obtain as a corollary [PWZ2] Proposition 3.33 which was announced there without proof.
Corollary 3.3. Let S be a locally noetherian scheme over k, and let Z be a closed subscheme of codimension ≥ 2. Assume that Z contains no embedded component of S (which is automatic if S is reduced). Let I be aĜ-zip over S whose restriction to S \ Z is fppf-locally constant. Then I is fppf-locally constant.
Recall that a syntomic morphism f : X → S of schemes is a flat morphism locally of finite presentation which can be factorized locally on X into a regular immersion followed by a smooth morphism. Then in the statement of the corollary we may replace "fppf-locally constant" by "constant after a finite syntomic base change" by the following strengthening of [PWZ2] Proposition 3.31.
Proposition 3.4. Assume that G splits over k and that π 0 (Ĝ k ) is a constant scheme. Let I be as before and let S = ŵ∈Ξ χ,Θ S w be the corresponding zip stratification. For w ∈ Ξ χ,Θ fix a finite extension k ′ of k such that the correspondingĜ-zip Iŵ (3.0.7) is defined over k ′ .
Then a morphism of schemes f : T → S factors through Sŵ if and only if there exists a finite syntomic surjective morphism g : T ′ → T where T ′ is a k ′ -scheme such that g * (f * I) is isomorphic to the constantĜ-zip Iŵ × k ′ T ′ .
Proof. The splitting assumptions on G and on π 0 (Ĝ) imply that the EẐ -orbitĜŵ in G corresponding toŵ is defined over k. The orbit morphism a : EẐ →Ĝŵ, e → e · gẇ, (2.2.1) yields an isomorphism EẐ /Hŵ ∼ →Ĝŵ, where Hŵ is the scheme theoretic stabilizer of gẇ in EẐ . Proceeding as in the proof of [PWZ2] Proposition 3.31 it suffices to show that there exists a finite surjective syntomic morphism Z →Ĝŵ such that a × id Z : EẐ ×Ĝŵ Z → Z has a section. Now [PWZ1] Theorem 8.1 shows that the reduced identity component (Hŵ) 0 red of Hŵ is a connected unipotent algebraic group (over a perfect field) and hence the projection EẐ → EẐ /(Hŵ) 0 red has a scheme-theoretic section. Moreover, Hŵ/(Hŵ) 0 red is a finite group scheme and hence finite syntomic ([SGA3] Exp. VIIB, Corollaire 5.4). Hence we can take Z = EẐ /(Hŵ) 0 red .
These results can in particular be applied to the examples ofĜ-zips given in [PWZ2] Section 9 or in [Wd2] Subsection 3.3 (see also [Lie] ): (1) GL d -zips that arise from the De Rham cohomology of smooth proper DeligneMumford stacks X over S such that the Hodge spectral sequence degenerates and such that the higher derived images of the differential sheaves Ω b X /S are locally free O S -modules. Here d is the rank of H n DR (X /S). In middle degree n = dim(X /S), the De Rham cohomology carries via the cup product an extra structure yielding the structure of a GSp d -zip or of a GO d -zip, depending on the paroty of n.
(2) GL h -zips that arise from at level 1 truncated Barsotti-Tate groups of height h:
Recall that in [PWZ2] Subsection 9.3 there is decribed a functor from the category of BT 1 of height h and dimension d over an F p -scheme S to the category of GL h -zips over S of type χ, where χ is the cocharacter t → diag(t, . . . , t, 1, . . . , 1) where t is repeated h − d times. By Dieudonné theory this is an equivalence of categories if S is the spectrum of a perfect ring. This allows us to deduce the main result of [NVW] without any of the restrictions on the characteristic made there: Let k be a field of characterstic p > 0, let D m be an m-truncated Barsotti-Tate group (a BT m ) over k for 1 ≤ m < ∞. For a k-scheme S and for a BT m X m over S let S Dm (X m ) be the unique locally closed subscheme of S that satisfies the following property. A morphism f : T → S factors through S Dm (X m ) if and only if f * (X m ) and D m × k T are locally for the fppf-topology isomorphic.
Theorem 3.5. The inclusion S Dm (X m ) ֒→ S is affine. In particular, if S is locally noetherian, then every irreducible component of S Dm (X m ) \ S Dm (X m ) has pure codimension 1 in S Dm (X m ).
As in [NVW] Corollary 1.5 one obtains an analogous purity result for Barsotti-Tate groups.
Proof. We may assume that k is algebraically closed. Moreover we may assume that X m has constant height, constant dimension, and constant codimension on S equal, respectively, to the height, dimension, and codimension of D m because all these numerical invariants are locally constant on S.
Consider first the case m = 1. Let h be the height of D 1 . As recalled above, the isomorphism class of D 1 corresponds to the isomorphism class of some GL h -zip J by Dieudonné theory and hence to some element w ∈ J W ⊆ S h ([PWZ2] (9.19), see also Moonen's paper [Mo] , where this has been shown first). Let I be the GL h -zip attached to X 1 . Then S w has the universal property that a morphism T → S factors through S w if and only if f * I is isomorphic to J T (Proposition 3.4 or [PWZ2] Prop. 3.31). Hence if T = Spec(K) for a perfect field K, then f factors through S w if and only if it factors through S D 1 (X 1 ). Therefore the underlying topological spaces of S w and of S D 1 (X 1 ) are equal. As S w → S is affine by Theorem 3.2, S D 1 (X 1 ) → S is affine (Lemma 1.5).
The case for 1 < m < ∞ can now be deduced from the case m = 1 by [NVW] Lemma 5.2 whose proof does not use the restrictions on p made for the proof in the case m = 1 in loc. cit.
Ekedahl-Oort strata for Shimura varieties of Hodge type
Let (G, X) be a Shimura datum of Hodge type, i.e., (G, X) is a Shimura datum that can be embedded into the Siegel Shimura datum. We choose such an embedding. Hence G is a reductive group over Q and X is a G(R)-conjugacy class of homomorphisms h : Res C/R G m,C → G R satisfying Deligne's conditions. Let p be a prime number such that G(Q p ) has a hyperspecial subgroup K p . Choose a place v of the reflex field E of (G, X) over p. Kisin ([Ki] ) and Vasiu ([Va1] ) have shown the existence of integral canonical models for the Shimura variety attached to (G, X) (with some restrictions for p = 2) over O E,v . We denote by S := S K (G, X) the special fiber. It is a smooth quasi-projective over k := κ(v) the residue field of the place v.
Thy hyperspecial group K p is the group of Z p -valued points of a reductive group scheme over Z p with generic fiber G Qp . We denote by G its special fiber. Hence G is a reductive group over F p . To X one may attach a conjugacy class [χ] of cocharacters of G k as explained in [Wo] Subsection 5.3. Choose χ ∈ [χ]. As explained in Subsection 3.1, (G, χ) yields a connected algebraic zip datum Z := Z G,χ = (G k , P, Q, ϕ). Zhang has constructed in [Zh] a G-zip of type χ over S and he has shown in loc. cit. that the corresponding classifying morphism S → [E Z \G k ] is smooth. Here we use the (slightly different) Construction 5.13 of a G-zip I of type χ given in [Wo] and obtain a smooth morphism
of the special fiber of the Shimura variety of Hodge type. Here J is the type of P . This stratification is the Ekedahl-Oort stratification of S. Note that as we follow here Wortmann's construction, the type χ of the G-zip is the inverse of the type considered in [ViWd] in the special case of Shimura varieties of PEL type. This is because Wortmann uses systematically De Rham cohomology and contravariant Dieudonné theory (following Kisin) and in [ViWd] De Rham homology and covariant Dieudonné theory is used. The smoothness of ζ immediately implies that all Ekedahl-Oort strata S w are smooth ([PWZ2] Proposition 3.30). Applying Theorem 3.2 and Proposition 1.6 to this special case we obtain the following result.
Theorem 4.1. The inclusion of an Ekedahl-Oort stratum S w ֒→ S into the special fiber of the integral model of a Shimura variety of Hodge type at a place of good reduction is affine. In particular, every irreducible component of S w \ S w has codimension 1 in
The results above allow also to show the following theorem. This generalizes the analogue fact for Shimura varieties of PEL type from [ViWd] .
Proof. Let f : A → S be the universal abelian scheme (more precisely the restriction of the universal abelian scheme over the Siegel space by the chosen inclusion of S into the Siegel space). Then ω := det(f * Ω 1 A/S ) is an ample line bundle as the restriction of an ample line bundle from the Siegel space. On the other hand Proposition 3.4 implies that we find a finite syntomic surjective morphism T → S w such that g * I is constant. In particular the P + -torsor of g * I, which corresponds to the pullback of the Hodge filtration f * Ω 1 A/S ⊆ H 1 DR (A/S) under g * is trivial. Therefore the ample line bundle g * ω is trivial and hence T is quasi-affine. This implies that S w is quasi-affine by [ViWd] Lemma 10.5.
We conclude with an application of the smoothness of ζ not related to purity. In [Wd2] it was shown that for everyĜ-zip I of some type (χ, Θ) over a scheme T the corresponding zip stratification is the refinement of a coarser stratification, the Bruhat stratification. LetẐ be the algebric zip datum corresponding to (G, χ, Θ). The Bruhat stratification is obtained by composing the classifying morphism T → [EẐ \Ĝ] corresponding to I with the canonical morphism For the special fiber S of the integral model of a Shimura variety of Hodge type the Bruhat stratification generalizes the stratification by the a-number from the Siegel case ( [Wd3] ) studied by Oort ([Oo2] ). It is a decomposition
where W , J, and K are defined as in Subsection 2.2 and where Γ is the absolute Galois group of the finite field k.
The results above now allow to generalize many of the results of [Wd3] to Shimura varieties of Hodge type. Theorem 4.3. All Bruhat strata [x] S are smooth and either empty or of dimension ℓ(x J,K ), where x J,K is the element of maximal length in J W ∩ W J xW K . The closure of [x] S is given by
where ≤ denotes the partial order on Γ\ J W K induced by the Bruhat order on W .
Proof. The canonical morphism β (4.0.9) is smooth ([Wd2] Proposition 2.9). Therefore the morphism a : S → B defining the Bruhat stratification is smooth as a composition of smooth morphisms. Hence all of the assertions follow from the analogous assertions for B ([Wd2] Section 1).
